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This paper is a sequel to the previous two in this journal under the same title, 
We give 0- and Q-theorems for the error term in Theorem 1 of the first paper. 
Let ~(n; k) denote the number of divisors of n, prime to k and let 
~(n; k, h) be the number of these congruent to h (mod k) for each h, 
(h, k) = 1. Set 
w,(n) = i (~(n; k, h) - w)’ 
h=l 
(h,k)=l 
In Theorem 1 of the first paper [l] it was shown* that 
where Elc(x) = O(x4/5+Ek2/5). 
Our object now is a more thorough investigation of the error term 
E,(x), and we prove two results: 
THEOREM 1. E,(x) = O((kx)1’2+E). 
* Parts I and II of this paper were published in J. Number Theory 2(1970), 168-188, 
and 3(1971), 204-209. 
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THEOREM 2. The proposition that 1 E,(x)1 < C(k) x31s--Efor all x, where 
C(k) is a constant depending only on k, is false for all E > 0. 
The powers of x in these two results are identical to those which occur 
in analogous results for 
,zz T4(n) = n:z .F.L l. 
See Theorems 12.3 and 12.6 (A) of Titchmarsh [2]. This is because the 
Dirichlet series ZW,(n) n-S involves products of four <- or L-functions. 
Throughout the paper we require the approximate functional equation 
for L-functions; we have 
a> x> = c x(n) n-s + E(X) (t) ‘-’ G(s, x) 1 n(n) ns-l 
n<dkltl/ln n<dkltl/Pn 
+ O(k+-;“t-i” log t) 
where 
G(s, x) = QHl - s + a)) MS + 4) ’ 
a = $(l - x(-l)). 
This is a specialization (for our own purposes) of a result of Lavrik [3]. 
LEMMA 1. For+,(a<c,c>l,wehave 
L(s, x) = O((k3 / t [)A+0)/‘c-1/2)), ItI> 1 
for any h > 8. 
Proof. We may suppose t 3 1. For H < dkt/2n, we have 
,g XV) 
(H-Cl)k<n~~/(t/2nk)-(e/k) 
(m + +j-+w 
V,k)=l 
provided 
= 0(1/H) + O(k1/2t’/6 log3i2 t) 
(H - r!)/k 3 2t1j3, 
using part of the proof of Theorem 5.5 of Titchmarsh [2]. Hence if 
1&k < t113 3 we set 
H = 3ktW 9 
280 
otherwise 
HALL 
H = dkt/2rr. 
In either case, the sum on the left does not exceed 
O(k1W/6 log3/2 t). 
By the approximate functional equation, 
L(& + it, x) = O(k1j2t’ls log3i2 t). 
Let 
#(b-(s) = (-i,y,Z+s+b = exp{(us + b) log( -isk3)}, 
where 8 < u < c, and the logarithm takes its principal value. 9 is regular, 
and if a and b are real, 
1 t,b(s)l = exp{(ao + b) log k3t + O(l)} = (kV)ao+l, exp(O(1)). 
Let A > &, and aa + b = --A when (T = i, 0 when a = c; that is, 
aa+b= -At=). 
Then, if c > 1, the function 
f(s) = 9(s) WV xl < c 
independently of k, on the lines 
O.=Q,t>l, and o=c,t>l. 
Also, by Prachar [4], 
f(u + it) = O((kQ)- Mbd/h-l/2)) (kt)t((e-o,/(c-l/2,,) 
for ?J < u < c, that is,f(u + it) = O(P) uniformly in k. For any E > 0, 
there exists T large enough so that 
g(s) = eics#(s) L(s, x) < C 
on the edges of the rectangle with opposite corners $ + i, c + iT. Hence, 
I g(s)] < C inside the rectangle, and, letting E -+ 0, 
f(u + it) = O(1) 
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and 
L(s, x) = O((k3t)A”c-u’l’c-l/2))) 
for all t > 1. This completes the proof. 
PROOF OF THEOREM 1 
Let 
We proved in [l] that 
F(s) = 2 W,(n) r8. 
?I=1 
Thus, by Lemma 3.12 of Titchmarsh [2], extracting the main term which 
arises from the double pole of F at s = 1, we have 
where x is half an 
result since 
(f1-r + 1;:: + 1: $ F(s) ds) + 0 ($), 
odd integer, an assumption which does not affect the 
W,(n) < T”(n) = O(Xf). 
By Lemma 1 the horizontal integrals are 
Next, 
& (ke T4) 
o(T+ T ). 
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By the Cauchy-Schwarz inequality, and Section 12.3 of Titchmarsh [2], 
By Section 7.6 of Titchmarsh [2], with 5 replaced by L, and using the 
approximate functional equation for L(s, x) analogously, we deduce that 
s 1 J2 << k2%TEk1+Ts + 1 C / L(g + it, x)1” dt. -1 &I x+x,, 
In the range - 1 < t < 1, we can show that 
& 1 I L(Q + it, x)12 = O(log2 k), 
X#X, 
(e.g. by the method of Lemma 2 of [l]). But 
L($ + it, x) = O(k1/2) 
in this range, by Prachar [4], so that 
ThUS 
J = O(& k:+‘T’). 
E,(x) = 0 (+ + d\/x kl+ET-V+r + & kV+.T'). 
Setting T = z/xk312, we obtain our result. 
PROOF OF THEOREM 2 
By Parseval’s formula for Mellin transforms, we have that 
s 
m 
Ek2(x) x-~--~~ dx 
0 
= -&-j”, 5 ( p2’ p2a + 2p” cos(t log p) + 1 ) I &(a + it)l” 4 
where 
F,(s) = - - l 52w c qs, x) L(s, f), 
v4k) 4-W x +;x, 
01 < 1. 
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We denote the integral on the left by I(a), and set 
G(t) = -J&j I Hcf + ir)l” c -!-(a - it, x) L(cf - ir, g. 
x #X, 
Thus if the integrals converge, 
I W)l” dt 
z(a) s k--B J-:iqza + 2ity. 
Suppose that $ < cy < 4. By the Cauchy-Schwarz inequality 
I Gtt)12 dt 
(~*f4n-2 I G(t)1 dt)” < ,:,2 , 5c2a + 2it)12 ,:t8e-2 l 5(2a + 2it)12 dt 
1 
< CP-lk’Z(a) 
by our estimate of the first integral and Theorem 7.2(A) of Titchmarsh [2]. 
Thus if 1 tY(t)l = 1, 
J(a) = p(r) t 4a-2G(t) dt = O( T4”-+). 
From now on, the O-notation implies constants not necessarily indepen- 
dent of k. Applying the functional equations of 5 and L, 
G(t) = ?ia;tk) (2~)2-4B-2itk26+2it-l , g/3 + ir>l” I r(p + it)l” T”(B + it) 
x sjn(ol + it): I2 1 COS”@ + if - U) + L@ + if, XV@ + it2X)7 
XfX, 
where p = 1 - 01. Setting 
k ew = M -2it T(/3 - it) / cos2(/3 + it) 42 I Iq? + it) cos2(8 + it)Tr/2 ’ 
we get 
e(t) G(t) 
1 6k2@-l 
= 04” I CC8 + itI2 I m + it)l4 
x &* x(-1)(1 + O@-=3>w + 
II 
( sin(ol + it) 5 CO@3 + it) 5 I2 
- it, x) L(p + it, 17)s 
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by the definition of a. Hence 
x x(-l) L@ + it, x) L@ + it, a) dt. 
Since /3 > +, c”(s) and L4(s, x) have mean values on the line Rs = /3. 
Hence the contribution of the 0(1/t) term is O(P). Hence 
J(a) = C/P-’ C x(--I) 4% x) + O(F), 
xzx, 4(k) 
where 
J(oI, x) = ST I @ + it)l2 L(B + it, x> L@ + it, f) dt. 
1 
It does not seem possible to avoid the lack of symmetry in this integral. 
One would expect to arrive at 
J*(a, x> = j-’ I 0 + it)12 I L@ + it, XII” dt, 1 
but this is not the case. We have 
LIB +it> = c n--B-~t + A@ +it) n<%qiiF ngdmn-a+i” + O(t-8’2) c 
say, and 
= 21 + AZ, + o(t-w) 
L@ + it, x) = 1 x(n) TZ-+=~ + B@ + it, x) 1 n(n) r~-“+~~ 
ndktl2n n&EjG 
+ O(k”12t-B12 log t) 
= L, + BL, + O(t-6/2 log t) 
dropping the ka12. Similarly, 
L@ + it, 2) = &’ + B’L,’ + O(t+ log t). 
We have that 
A = O(flP--B)B(‘) = O(tV-6), 
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and we deduce that 
By several applications of the Cauchy-Schwarz inequality we deduce that 
for /3 > $, 
J(a, x) = j’ 1 Z, I2 L,L,’ dt + O(TI-8), 
1 
where 6 > 0. Now, 
- 
where m and n run from 1 to dt/27r, u and v from 1 to dkt/2v. Set 
Tl = 27r max(m2, n2, u2/k, v2/k). 
Then, 
I 
’ 1 Zl 12 ,T& dt = c 
1 ?XZU,*=?l 
(T -(;;u;F’ a(v) 
The sum is 
1 
+ O (mu?+. (mnuv)B I log n/muv I ) . 
T c n-20 C X(U) ,f(;;(u) + 0 ( C 
nd\/TjBn mu”=R nd\/TIBn 
9) 
= T f n-28 
n=1 
,s;x:,, x(4 ~(4 + W3’2-8+f). 
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The O-term does not exceed 
Here, 
Hence, 
< nl-fl + nl-B log n + (kT dF)l-, = O((T fi)‘-0). 
and 
I * I Z, I2 L,L,’ dt = T f -& C x(u) x(v) + O(T3/2-S+e). 1 n=1 muL2r=n 
Therefore 
Jb) = Ck’@-l T f ras C 
n=l mln 
( 1 1 - --& ; 1) + O(T) 
uv=n/m 
(n/m,k)=l 
u21 n/m 
k/u+* 
= Ck25-‘T5(2/3) H(2/3, k) + o(T), 
This Dirichlet series is absolutely convergent for RS > 1, and has some 
nonzero coefficients, e.g., those of p-+ where k rp(p + 1). Thus, its 
nonzeros form a dense set on the real line, where u > 1. If now 
s!&(x) = 0(x3’*-‘), 
there exists an 01, 318 - E < (y. < 318 for which H(2fl, k) # 0. Z(a) is 
convergent, and therefore 
J(a) = o(T4m-1/2) = o(T). 
This is a contradiction, completing the proof. 
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Note Added in Proof: In the statement of Theorem 1 in Hall [l] the factor 2 multi- 
plying 5’(2)/5(2) was omitted by mistake. 
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